Optimising cargo loading and ship scheduling in tidal areas by Le Carrer, Noemie et al.
ARTICLE IN PRESS 
JID: EOR [m5G; August 16, 2019;14:32 ] 
European Journal of Operational Research xxx (xxxx) xxx 
Contents lists available at ScienceDirect 
European Journal of Operational Research 
journal homepage: www.elsevier.com/locate/ejor 
Innovative Applications of O.R 
Optimising cargo loading and ship scheduling in tidal areas 
Noémie Le Carrer a , ∗, Scott Ferson a , b , Peter L. Green a , b 
a Institute for Risk and Uncertainty, University of Liverpool, Liverpool L69 7ZF, United Kingdom 
b School of Engineering, University of Liverpool, Liverpool L69 7ZF, United Kingdom 
a r t i c l e i n f o 
Article history: 
Received 29 March 2018 
Accepted 1 August 2019 
Available online xxx 
Keywords: 
OR in maritime industry 
Simulation 
Scheduling 
Robust optimisation 
Particle swarm optimisation 
a b s t r a c t 
This paper describes a framework that combines decision theory and stochastic optimisation techniques 
to address tide routing (i.e. optimisation of cargo loading and ship scheduling decisions in tidal ports and 
shallow seas). Unlike weather routing, tidal routing has been little investigated so far, especially from 
the perspective of risk analysis. Considering the journey of a bulk carrier between N ports, a shipping 
decision model is designed to compute cargo loading and scheduling decisions, given the time series of 
the sea level point forecasts in these ports. Two procedures based on particle swarm optimisation and 
Monte Carlo simulations are used to solve the shipping net beneﬁt constrained optimisation problem. The 
outputs of probabilistic risk minimisation are compared with those of net beneﬁt maximisation, the latter 
including the possibility of a ‘rule-of-the-thumb’ safety margin. Distributional robustness is discussed as 
well, with respect to the modelling of sea level residuals. Our technique is assessed on two realistic case 
studies in British ports. Results show that the decision taking into account the stochastic dimension of sea 
levels is not only robust in real port and weather conditions, but also closer to optimality than standard 
practices using a ﬁxed safety margin. Furthermore, it is shown that the proposed technique remains more 
interesting when sea level variations are artiﬁcially increased beyond the extremes of the current residual 
models. 
© 2019 The Authors. Published by Elsevier B.V. 
This is an open access article under the CC BY license. ( http://creativecommons.org/licenses/by/4.0/ ) 
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0. Introduction and literature review 
.1. Ship scheduling in tidal areas 
A ship’s draft is the distance between the waterline and the
ottom of the hull. It is a fundamental characteristic of a ship and
orms a major constraint in terms of scheduling or cargo loading
ecisions because a poor choice can lead to grounding in tidal ar-
as or shallow waters. Yet the research on ship loading has mostly
ocused on operations safety and logistic aspects (see for instance
 review in Christiansen, Fagerholt, Nygreen, & Ronen, 2007 ). The
uestion of scheduling with time-varying draft was not tackled un-
il recently, when Kelareva and colleagues developed a determinis-
ic procedure to optimise ship scheduling and cargo loading deci-
ions of multiple vessels at a single port ( Kelareva, 2011; Kelareva,
rand, Kilby, Thiebaux, & Wallace, 2012 ). Their procedure is based
n the increasingly popular concept of dynamic under-keel clear-
nce. ∗ Corresponding author. 
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Journal of Operational Research, https://doi.org/10.1016/j.ejor.2019.08.00The under-keel clearance is the distance between the deepest
nderwater point of the ship and the seabed. In the traditional
tatic approach, the under-keel clearance is computed as the dif-
erence between the water depth (combining channel depth and
ide prediction) and the nominal ship draft. The objective is then
o maintain an under-keel clearance at least equal to either a given
inimum value or a given percentage of the ship draft, depending
n port policy. On the contrary, the dynamic approach deducts
rom the channel depth and predicted tide, not only the nominal
raft, but also a number of allowances accounting for the dynam-
cal responses of the hull to its environment (squat, heeling, wave,
ater density variation), the tidal prediction error and the vari-
bility of bathymetry ( Galor, 2008 ). Kelareva (2011) use short-term
redictions of the dynamic under-keel clearance provided by the
UKC® software (OMC International, 1993, described in Kelareva
t al., 2012 and O’Brien, 2002 ). Speciﬁcally, from real-time envi-
onmental measurements (water depths, wind, waves, current) and
hip information (trim, speed, acceleration), the physical responses
o the ship moving in a dynamic environment are computed and
he dynamic under-keel clearance is estimated. The optimal cargo
oading and short term ship scheduling decisions, given this esti-
ation, are then computed. O’Brien (2002) reports two case stud-
es showing the added value of using such a dynamic under-keelnder the CC BY license. ( http://creativecommons.org/licenses/by/4.0/ ) 
ising cargo loading and ship scheduling in tidal areas, European 
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1 To paraphrase Kelareva (2014) : if the fuel consumption of the empty ship is 20% 
less than that of the laden ship ( Endresen, Sørgård, Bakke, & Isaksen, 2004 ) and if 
the increase in fuel consumption is linear in draft difference, then if the vessel at 
hand shows a difference of 2.47 meters between laden and empty draft, 1 cen- 
timeter of extra draft equals to 0.08% of fuel consumption increase. For short sea 
shipping journeys and small extra load draft, this can be neglected. In bad weather, 
such an assumption might hold only for very small extra loads as fuel consumption 
is sensitive to both weather and ship draft (both increasing the friction resistance), 
i.e. load ( Bertram, 2012 ). Ship characteristics would then be needed to assess the 
actual added-value of loading more in a rough sea. clearance approach in port operations, for both shippers (freight
savings and increase in export value) and port operators (reduced
dredging costs in the long term, increased ship departure/arrival
windows and consequently reduced congestion, contribute sci-
entiﬁc knowledge to estimation of the minimal under-keel
clearance). 
Such a solution is based on real-time measurement of the sea
state and provides under keel clearance information for the up-
coming tide-window only ( Kelareva et al., 2012 ). Being determinis-
tic, safety margins have to be introduced as the under-keel clear-
ance is only estimated a priori . One can ask whether taking into
account the stochastic nature of sea levels (and, consequently, the
under-keel clearance) could reduce this safety margin to some the-
oretical minimum - this is one of the aspects investigated in the
current paper. Besides, the planiﬁcation horizon allowed by the
procedure described above is relatively short (one tide) - the cur-
rent work addresses relatively longer time scales. 
The work of Kelareva et al. (2012) was extended to a ship-
ping cost optimisation problem for a ﬂeet considering time-varying
draft restrictions at waypoints, variable ship speed and cargo
loads as well as ﬂow control through busy waterways ( Kelareva,
2014 ). The speciﬁc waterway ship scheduling problem was later
formulated by Lalla-Ruiz, Expósito-Izquierdo, Melián-Batista, and
Moreno-Vega (2016) , who integrated tide as a constraint in their
approach to optimally schedule the ﬂow of incoming and outgo-
ing ships through different shipping channels (so that the waiting
times were globally minimised). 
Similarly, researchers focusing on the berth allocation problem,
which aims at scheduling berth and crane allocation to optimise
port throughput, introduced tide as a constraint only quite re-
cently. While early works ( Du, Chen, Lam, Xu, & Cao, 2015; Xu,
Li, & Leung, 2012 ) were more concerned with the quantiﬁcation
of the economic impact of tides on port operations, recent stud-
ies developed practical models and solutions for berth scheduling
optimisation ( Dadashi, Dulebenets, Golias, & Sheikholeslami, 2017;
Zhen, Liang, Zhuge, Lee, & Chew, 2017 ) or quay crane allocation
( Yu, Wang, & Zhen, 2017 ) in tidal ports. 
1.2. Shipping optimisation in stochastic environments 
Maritime transportation is an activity particularly subject to
risk, i.e. the possibility of a loss, due to the complex dynamics and
stochastic nature of the multi-dimensional environment in which it
takes place. From the weather at sea to port variables (berth avail-
ability, loading/unloading works), including the volatility of bunker
fuel prices, a range of uncertain factors condition the outputs of
a shipping operation. In spite of its signiﬁcant impacts on ship-
ping productivity, the issue of uncertainty has remained marginal
in the research on maritime transportation until recently. Indeed,
as stressed by Song and Furman (2013) , due to the complexity
and intractability of some shipping problems, authors introduce
simpliﬁcations (constant speed, single cargo type, basic weather
model, etc) that are different from one study to another, making
comparison diﬃcult. The introduction of stochasticity is often lim-
ited to the modelling of a single or a very limited number of fac-
tors (e.g. weather Azaron & Kianfar, 2003 , market demand Chuang,
Lin, Kung, & Lin, 2010 , weather and berth occupation Agra, Chris-
tiansen, Delgado, & Hvattum, 2015 ). 
Water depth is also an uncertain factor that should not be ne-
glected. Although tide forecasts used to predict the water depths
in shallow seas are traditionally given by harmonic analysis from
past observations, a range of causes can modulate the observed
water levels. These encompass weather inﬂuence, river discharge,
the interaction between currents, shallow water seabed and ship
traﬃc ( NOREL, 2014 ) and lead to signiﬁcant deviations between as-
tronomical tides and actual water level observations (called resid-Please cite this article as: N. Le Carrer, S. Ferson and P.L. Green, Optim
Journal of Operational Research, https://doi.org/10.1016/j.ejor.2019.08.00als hereafter: the difference between observations and predic-
ions). Flowerdew, Horsburgh, Wilson, and Mylne (2010) estimate
hat the root mean square error on the high tide predictions in UK
ide stations is typically 10 centimeters and rises to 29 centime-
ers for high tidal range stations. Makarynskyy, Makarynska, Kuhn,
nd Featherstone (2004) note that sea level residuals can amount
o 30% of the total measured sea level in Hillarys Boat Harbour,
estern Australia. 
The uncertainty about future water depths has a signiﬁcant im-
act on shipping optimisation. First, as shown in the case study
resented in Section 2.1 , even for a small-sized carrier of horizon-
al dimensions 85 meters ×15 meters, one additional centimetre
f under-keel clearance can be turned into an extra freight of 13.05
etric tons (mt) whose value ranges from US$ 2556 for a sin-
le hold of malting barley ( Agriculture & Horticulture Development
oard, 2017 ) to US$ 223,477 for a single hold of tin ( Quandl, 2017 )
ith little increase of operational costs in short journeys 1 . Sec-
ndly, when it costs thousands of dollars a day to operate the same
essel, missing a tide-window because of a negative anomaly in
he water depth is signiﬁcantly costly to the shipper, to say nothing
bout the cost of grounding and its potential environmental conse-
uences. Another economic justiﬁcation is found in O’Brien (2002) ,
ho shows how the use of the DUKC software (deterministic dy-
amic under-keel clearance estimation) allowed 123 vessels to load
n additional 743,246 tonnes of coal (an average of 6042 tonnes
er vessel) in the Port of Hay Point, Australia, in the 1996/1997 ﬁ-
ancial year. Resulting freight savings amounted to approximately
S$ 7,50 0,0 0 0 and the increase in export earnings summed up to
S$ 30,0 0 0,0 0 0. 
.3. Robustness in shipping optimisation 
In most of the approaches mentioned in Section 1.1 , water
epths are considered as perfectly predictable variables. When
hey are not (see O’Brien, 2002 as well as studies on the prob-
bilistic risk assessment of ship grounding in ports Abaei et al.,
018; Gucma, 2004; Gucma & Schoeneich, 2008 ), an allowance, ac-
ounting for tide (and possibly bathymetry) prediction error, is in-
roduced. To the knowledge of the authors, the modelling of this
ource of uncertainty is not discussed in the literature. It is conse-
uently worth investigating the robustness and optimality of such
odelling, as the introduction of safety margins always decreases
hipping beneﬁt ( Kelareva, 2014 ). 
Although Kelareva et al. (2012) introduced a conservative
5-minute departure window for each departure/arrival decision,
he authors justiﬁed the slack as a way to take into account the
nertia of large ships in port operations rather than to account for
ea level uncertainties. The large operational costs of ships tend to
revent the shippers from adding signiﬁcant slack in their schedule
 Christiansen et al., 2007 ), as a ship is only productive when it is
ailing. Again, it is worth investigating the robustness of a dynamic
nder-keel clearance-based shipping optimisation with respect to
eal port conditions, namely delays. 
An original approach to robustness in ship routing and schedul-
ng is ﬁnally found in Christiansen and Fagerholt (2002) , who in-
roduced the concept of risky arrival. A penalty cost proportionalising cargo loading and ship scheduling in tidal areas, European 
2 
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tions? 
2 Data provided by the UK Environmental Agency. o the risk of a given schedule is integrated in the optimisation
rocedure of the transportation cost of a ﬂeet. The work of Brown,
ell, and Wood (1997) should also be mentioned as it questions
he applicability of mathematical optimisation in a real port con-
ext. The authors especially highlight the situation where a small
hange in the model inputs leads to a radically different optimal
olution. The concept of persistence is introduced as a new feature
f the optimisation model so that small changes in the input val-
es do not drastically change the nature of the optimal solution. 
.4. Objective and contribution 
The present work aims at ﬁlling a gap in the ﬁeld of ship rout-
ng by explicitly considering and modelling the uncertainty in tide
rediction. A robust analysis of cargo loading and ship scheduling
ecisions in tidal areas is drawn through a realistic case study. The
uestion at hand is: how can we optimise the cargo loading and
hip scheduling decisions given imperfect sea level forecasts with-
ut foregoing safety? 
To this purpose, a maritime shipping decision model is intro-
uced. The model assumes that an industrial operator has sea level
orecasts at N ports, at a given time t 0 , over a prediction horizon
 . On this basis, the operator has to decide the total amount of a
iven commodity to load at the ﬁrst port, and the fraction of this
argo that will be delivered in each of the remaining ports, as well
s the estimated arrival and departure times in each port. The de-
iveries all have to satisfy the constraints of the inventory routing
roblem, namely to match a given demand in each port. We as-
ume that all ports have unlimited storage capacities. 
Our model computes the ‘optimal’ solution to such a prob-
em by taking into account the uncertainty in actual sea levels
.r.t. tide predictions. However, the reader must note that our
ramework does not address the uncertainty associated with the
nder-keel clearance arising from dynamical responses to the sea
tate (heeling, heaving, squat effect), nor from the bathymetry. We
imit our approach to uncertainty about still water levels result-
ng from deviations to the tide predictions. These additional dy-
amical sources of uncertainty could still be integrated to a simi-
ar approach in order to address the open water problem (see for
nstance Briggs, Kopp, Ankudinov, and Silver (2013) for empirical
ethods to estimate the squat allowance, Quy, Vrijling, van Gelder,
nd Groenveld (2007) to quantify the ship response to waves and
rwi ˛ega, Gucma, and Gralak (2017) to assess the heel compo-
ents). 
In the following, our model allows us to demonstrate the eco-
omic potential of a robust under-keel clearance optimisation. Be-
ond the application to industrial shipping, for which the bulk
argo load is quite ﬂexible, this work wants to raise awareness
f the economic potential for small vessels (mini-bulkers), cheap
ommodities (grains) and small ports strongly affected by tidal ef-
ects (i.e. limited dredging). In the current context of transportation
reening ( Davarzani, Fahimnia, Bell, & Sarkis, 2016 ), we expect this
o be an important area for future applications. 
The reader must keep in mind that, to clearly demonstrate
he potential of the proposed tide routing approach, we deliber-
tely omit the uncertainties associated with weather, as well as
erth availability and cargo handling capacity. With the increase
f slow steaming practices ( Mallidis, Iakovou, Dekker, & Vlachos,
018 ), weather does not currently represent a serious limitation
ince generous journey times are planned and ships are no longer
xpected to be at the maximum of their performance. The authors
im to further study the limitation represented by berth conges-
ion in future works. For many of the small ports that the current
ork targets, neglecting the aforementioned uncertainties does not
epresent a signiﬁcant issue, as the overall ship and cargo ﬂow is
ot at its full capacity. For the larger and busier ports, this is in-Please cite this article as: N. Le Carrer, S. Ferson and P.L. Green, Optim
Journal of Operational Research, https://doi.org/10.1016/j.ejor.2019.08.00eed a question to ask: Is the added value gained from pure tide
outing lost in the variability associated with berthing and cargo
andling? Or does tide routing helps to smooth port traﬃc? This
s a subject of future work. 
Section 1 has introduced the motivations for the investi-
ation of robust cargo loading and scheduling optimisation in
idal areas and outlined the state of the art around this issue.
ection 2 presents the case studies and sets up the shipping deci-
ion model. In Section 3 , the uncertainty on port sea level forecasts
s discussed and a robust alternative to the deterministic decision-
aking process is presented. Section 4 describes the implementa-
ion as well as the modelling of sea level uncertainty. Section 5 dis-
usses the results of our approach, compared to standard tech-
iques based on the results from two realistic case studies. Fi-
ally the ﬁndings are summarised in Section 6 and perspectives
re opened. 
. Shipping decision model 
.1. Case study 
To illustrate the approach in this paper, a case study is pre-
ented, which gives the reader context for the model development
hat is detailed later. We consider a farm cooperative that owns
 small-size bulk carrier. The company uses it to carry various
arm commodities between ports along the British coast, especially
long the route: Liverpool–Portsmouth–Lowestoft. 
Given a freight unit value of US$ 195.61 per metric ton (for
 malting barley freight Agriculture & Horticulture Development
oard, 2017 ), 1 centimeter of additional draft equals an extra
reight of 13.05 metric tons on the ﬁrst vessel which conveys an
xtra proﬁt of US$ 2556 (case study 1, cf. parameters in Table 1 ).
s described before, although a heavier ship will consume more
uel, for small vessels and short sea voyages, it remains much more
roﬁtable for the company to increase the overall cargo loading if
ossible. 
We assume that at time t 0 , given the demand constraints on
ommodity X in the delivery ports, the cooperative has to decide
he total amount of X to load in the departure port, as well as de-
arture scheduling in each port. To this purpose, the company uses
he long term harmonic tide forecasts as sea level forecasts. Indeed,
he more recent and accurate models are not available in all ports.
esides, traditional tide forecasts remain the main source of water
evel information for many shippers. In the following, we use ‘de-
ision’ to refer to this set of loading/scheduling decisions and ‘ben-
ﬁt’ to refer to the net beneﬁt resulting from the implementation
f the said decision in actual conditions. 
Hence the problem of interest: given the economic, vessel and
ort parameters ( Table 1 ), given the information on available quays
nd maintained depths ( Table 2 ), given the tide predictions in all
orts 2 : 
1. What is the optimal decision, if the harmonic tide forecasts
were considered as perfect (from now on called the ‘standard
approach’)? 
2. Is this decision robust to actual port and sea level conditions? 
3. What is an optimal and robust decision if the uncertainty on
tide forecasts is taken into account? 
4. What shipping beneﬁt can be guaranteed, given a predeﬁned
level of acceptable error, from the robust solution? 
5. How do the robust solution and guaranteed beneﬁt depend on
the model of the tide residuals? 
6. Is the procedure robust to unseen (i.e. extreme) sea level varia-ising cargo loading and ship scheduling in tidal areas, European 
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Table 1 
Model parameters. 
Type Param. Description Value Unit 
Case study 1 Case study 2 
Journey l Mean distance 
between departure 
and arrival ports 
440 {440, 200} Nautical miles 
ρ Mean sea water 
density 
1250 Kilogram per cubic 
meter 
Ship design v Mean operational 
sailing speed 
13 Knot 
S Ship horizontal 
surface 
15 × 85 25 × 130 Meter ×Meter 
m min Minimum cargo 
load (ballast) 
1870 3000 Metric ton 
m max Deadweight 
tonnage (carrying 
capacity) 
5170 25,000 Metric ton 
r 50 Half-laden ship 
draft 
5.2 8 Meter 
f s Fuel consumption 
rate of the laden 
ship at sea 
8 11 Ton per day 
f p Fuel consumption 
rate of the ship at 
port 
1 2 Ton per day 
Monetary C f Fuel cost 387 US$ per ton 
C u Other operational 
costs (staff, 
maintenance) 
2500 US$ per day 
C c Average bulk cargo 
value 
195.6 US$ per ton 
C b p ∗ Berthing and 
loading/ unloading 
operation cost 
within normal 
opening times 
1239 1486 US$ per hour 
C b p ∗ Berthing and 
loading/ unloading 
operation cost 
outside of normal 
opening times 
1548 1858 US$ per hour 
C p Daily port fee 1115 1363 US$ per day 
Port u p Bulk material 
(un)loading rate 
1200 1000 Ton per hour 
Normal port 
opening time 
[7: 00, 19: 00] in all ports –
α Minimum allowed 
under-keel 
clearance to 
navigate in port 
still waters 
10% static draft –
Forecast t Sea level forecast 
time step 
15 Minute 
T Horizon of the sea 
level predictions 
3 6 Day 
Industrial a j Minimal delivery 
in port j > 1 
– {4000, 2000} Metric ton 
Table 2 
Quay parameters. 
Port Maintained quay depth (Meters) 
Case study 1 Case study 2 
Liverpool 12 12 
Portsmouth 3 8 
Lowestoft – 8 
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o  To answer these questions, a ﬁrst case study is implemented for
 0 = 13 / 01 / 2017 − 07 : 30 : 00 and N = 2 ports. We compute the
optimal solution according to our approach and compare it w.r.t.Please cite this article as: N. Le Carrer, S. Ferson and P.L. Green, Optim
Journal of Operational Research, https://doi.org/10.1016/j.ejor.2019.08.00he standard one. We assess its distributional robustness as well. A
econd larger-scale analysis is then analysed: 175 different t 0 are
onsidered, from July 2016 to December 2016. We compare the
erformance of our model’s decision with that of a standard ap-
roach, in terms of daily beneﬁt and robustness across this range
f t 0 values. 
.2. Model overview 
The model used here is a simpliﬁed representation of the mar-
time inventory routing problem. A material is produced at a given
ate in a production site (called the loading port) and consumed at
ther sites (called unloading ports), at speciﬁed rates. Given stor-ising cargo loading and ship scheduling in tidal areas, European 
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Vge capacities in the production and consumption locations, what
s the optimal design of routes and ﬂeet schedule that minimises
he shipping costs (sailing and port costs) without interrupting any
f the production or the consumption in the aforementioned sites?
he optimisation is made on an industrial shipping basis. In other
ords, the shipper owns the material to be shipped and wants to
aximise the net beneﬁt of the shipment (the value of the cargo
oaded minus the shipping costs). The ﬂeet consists of a single
ulk carrier or general cargo ship and the study is restricted to
he N − 1 legs of length l j , j = { 1 , . . . , N − 1 } between the loading
departure, p 1 ) and unloading (arrival, p N ) ports with a constant
hip speed, v , provided by the ship speciﬁcations. From this, the
oal is to optimise the decision vector d consisting of the depar-
ure time t j and the cargo m j shipped from each port p j given the
verall tide predictions available at time t 0 spanning the horizon
 in the entrance channels of all ports, given constraints on the
emand a j in each port and given constraints from the ship de-
ign (carrying capacity), safety at sea (minimum acceptable water
nder keel), port management (opening times and price bands for
ort labour). For now, unlimited storage capacities in all ports are
ssumed. The question of rate of production in the departure port
i.e. offer) is not taken into account. 
The ship is assumed to be in the departure port at time t 0 with
mpty tanks and the most recent predictions ˆ X j (t) at the shipper’s
isposal for the sea levels in all ports p j , over the horizon T . Time
s discretised with the time step t (following the precision in the
ea level prediction and observation time series). Here and in the
ollowing, in order to simplify the notations, t j will be relative to
he origin of our time axis t 0 . 
.3. Model description 
The model takes time series of sea level point-forecasts in all
orts of call as inputs. Given contextual parameters regarding the
ourney, including ship characteristics, freight and port manage-
ent, generic constraints about acceptable under-keel clearance,
atest arrival time and cargo load, demand constraints in delivery
orts and, ﬁnally, the net return computation rule for a journey, it
omputes the optimal cargo loading and departure time by means
f a particle swarm optimisation (PSO) solver. 
.3.1. Journey parameters 
Table 1 deﬁnes the model’s input parameters. A few comments
nd justiﬁcations are provided here. 
The operational speed v is assumed to be ﬁxed and constant
ver the journey (as it is often the case in maritime shipping mod-
ls). Operational port costs are subject to price bands. Although
ost often docks and loading / unloading operations are accessible
4 hours a day 7 days a week, the cost of such operations depends
n the local port schedule, e.g. midweek vs weekend periods for
iverpool port ( Peel Ports Group, 2017a; 2017b ). The simple price
and framework allows us to simulate a range of situations: night
s days, week days vs weekends, bank holidays. Finally, the safety
argin coeﬃcient α in terms of legally required under-keel clear-
nce to use the conﬁned navigation channel of port p is set to 10%
f the laden ship draft as this is usual practice at limited speeds
 NOREL, 2014 ). The open sea version would require adding a 30%
argin to the dynamical draft. 
.3.2. Sea level input variables 
The sea level point predictions in each port are harmonic tide
orecasts available online through the British Oceanographic Data
enter portal. The time step, t = 15 minutes, sets a minimum
ound on the resolution of our departure time solution. In real
ort conditions, cargo ships cannot be expected to be exactly onPlease cite this article as: N. Le Carrer, S. Ferson and P.L. Green, Optim
Journal of Operational Research, https://doi.org/10.1016/j.ejor.2019.08.00ime. Reducing this lower bound would consequently not be realis-
ic. As the tide height can change quickly, and because we are deal-
ng with additional centimetres of under keel clearance, it would
lso not be judicious to increase t too much. Indeed, the sea level
ithin 1 hour (or even 30 minutes) could change signiﬁcantly with
espect to the small variations we are interested in. Consequently,
 time step of 15 minutes seems a suitable trade-off. 
.3.3. Model variables 
The ship draft, a key element in shipping planning and realisa-
ion, is a function of the cargo load as well as the fuel mass f ( t )
n tanks at the time t of interest. Considering Archimedes’ princi-
le and the equilibrium of forces in a gravitational ﬁeld, the draft
 can be estimated from the equality between ship’s weight and
ater displacement. In a simple approximation (barge ship), this
eads to: 
(t) = m + f (t) − 0 . 5 m max 
ρS 
+ r 50 (1) 
here r 50 is the half laden ship’s draft, S the ship’s horizontal area,
 max its carrying capacity, ρ the water density. The function f ( t )
s computed by taking into account the fuel consumption rates at
ea f s and at port f p respectively, the time already spent at sea and
t port respectively at t , as well as the total fuel load necessary to
ove the ship from one port to another and (un)load material. Dy-
amical effects such as the squat effect or the heel due to the wind
nd the wave responses can reduce the under-keel clearance tem-
orarily. They are not taken into account here beyond the safety
argins αr ( t ) as, again, we consider the still water problem. 
.3.4. Constraints 
The ship’s cargo and scheduling have to satisfy some con-
traints. First, at any stage, the cargo load m j cannot exceed the
ank capacity m max and must ﬁt with the requirements for safe
tructural behaviour of the hull ( m j ≥m min ), as well as with the
emand constraints in the next ports to visit ( m j ≥
∑ N 
k = j+1 a k ). In
he following: m min is taken as the minimum of the structural con-
traint and the economic constraint. 
The fuel load necessary to carry the ship and its cargo m j 
ver the distance l = ∑ N−1 
k = j l k at speed v and load/unload the
reight at rate u p in port p must be subtracted from m max : f s l +
f p 
∑ N 
p= j+1 T p + m j ≤ m max , where the minimal time spent at port
 is the time for (un)loading: T p = | m p−1 −m p | u p (noting that we set
 0 = 0 ). 
Second, to enter/leave port p j at time t , the water depth must
e greater than the ship draft plus the safety margin: 
ˆ 
 p (t) − (1 + α) r(t) > 0 . (2)
hird, the ship cannot leave port p j before the cargo is (un)loaded
nd must arrive before the horizon T is reached, so: 
 j−1 + 
l j−1 
v 
+ | m j − m j−1 | 
u p j 
≤ t j ≤ T −
∑ N−1 
k = j l k 
v 
. (3)
.3.5. Shipping return 
The problem is to ﬁnd the optimal combination of decisions
 
∗ = (t ∗
j 
, m ∗
j 
) , j = { 1 , . . . , N − 1 } that maximises the net beneﬁt B ,
here: 
 ( d ; ˆ X j (t) , j = { 1 , . . . , N} ) = 
{
V − (O + P + U) if delivered on time, 
Z otherwise. 
(4) 
The gross value V is the merchant value of the cargo: 
 = C c .m 1 (5) ising cargo loading and ship scheduling in tidal areas, European 
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s  with C c the unit value of the freight. From there, we subtract the
operational costs of the journey, starting from t 0 (time of decision)
with an empty ship and ﬁnishing at t a + m N u N after unloading the
material in port p N where t a is the arrival time in the last port of
call. These charges encompass the propulsion costs: 
O = C f 
( 
f s T s + f p 
∑ 
p 
(T p + T p∗) 
) 
(6)
where T s is the total time spent at sea and and T p , T p ∗ the total
times spent at port p within and outside normal work hours re-
spectively and C f is the fuel unit price. Operational charges also
include usage costs: 
 = C u 
( 
T s + 
∑ 
p 
(T p + T p∗) 
) 
(7)
with C u the hourly usage cost (staff) of the ship. Finally, port costs
have to be included: 
P = 
∑ 
p 
(⌈ 
T p + T p∗
24 
⌉ 
C p + T p C b p + T p∗C b p∗
)
(8)
where  ·  is a ceiling operator and C p , C b p ∗ , C b p ∗ , the daily port
fee, hourly manutention prices in normal hours and outside nor-
mal hours in port p respectively. 
Z is the cost of not making the delivery in time (i.e within the
horizon T ). Depending on the aim of the user, Z can also take into
account the negative externalities on the environment and soci-
ety of a grounding ( Z → −∞ ) or simply the loss for the shipper
( Z = −V − (O + P + U) ). 
3. A probabilistic approach to decision making 
Using the model described above, one can choose an optimisa-
tion technique (e.g. particle swarm optimisation or simulated an-
nealing) to compute the optimal decision to take at time t 0 , ac-
cording to the sea level forecast time series ˆ X j (t) , for the ports
p j , j = { 1 , . . . , N} . Such a calculation does not consider the ac-
tual stochastic behaviour of the water depth. Local sea levels are
inﬂuenced by a range of factors, including weather. A residual
e j (t) = X j (t) − ˆ X j (t) between the predictions and the observations
can lead to either a regret ( e j > 0: the shipper could have loaded
more or departed earlier) or a loss ( e j < 0: in order to adjust to
the actual water level the journey is delayed, or a grounding can
happen). In other words, the resulting solution is risky. It does not
tolerate a negative deviation to prediction nor port delays. In order
to take account of the uncertainty on the output of a given deci-
sion, we must introduce a risk measure. 
Risk is a polysemous notion. This is reﬂected in the many works
that have been published in order to identify and classify the vari-
ety of deﬁnitions (from Kaplan & Garrick, 1981 to Aven, 2012 and
Goerlandt & Montewka, 2015 ). In the ﬁeld of maritime transporta-
tion, an analysis of risk-related publications spanning over forty
years (1974–2014) led by Goerlandt and Montewka (2015) shows
that the majority of the works rely on four deﬁnitions: 
(a) Risk is the expected value of the loss; 
(b) Risk is a combination of scenarios, their probability and the
extent of their consequences, represented as a triplet; 
(c) Risk is the possibility of a loss; or 
(d) Risk is the probability of an undesired event. 
Although simplistic, deﬁnition (a) has the advantage of easing
comparisons between two options as the information about the
possible scenarios and their consequences is synthesised into a sin-
gle number. Please cite this article as: N. Le Carrer, S. Ferson and P.L. Green, Optim
Journal of Operational Research, https://doi.org/10.1016/j.ejor.2019.08.00In the present work, ‘loss’ takes the meaning of the loss in
roﬁt due to the fact that decision d ∈ D is taken at time t 0 based
n imperfect forecasts ˆ X j ∈ X of the environment state X j ∈ X . Let
 j be the cumulative distribution function over X j , which is condi-
ional on information on the prior values of X j and possible other
nformation. Let ˆ F j be a predictive distribution of X j (that is a dis-
ribution over ˆ X j ) provided by the forecaster at t 0 . Let ˆ X j (t) be
 point forecast time series of X j ( t ) over time [ t 0 , t 0 + T ] , B (., . ) :
 × X → 
 the utility function (namely the net beneﬁt of the jour-
ey based on decision d ) and y (·) : X → D an optimal action func-
ion deﬁned by: 
 ( ˆ  F j ) = arg max 
d ∈ D 
(
E [ B ( d , ˆ X j )] ˆ F j 
)
= arg max 
d ∈ D 
∫ 
X 
B ( d , ˆ X j ) d ˆ  F j (9)
The loss function L (., . ) : D × [0 , 1] → 
 is then deﬁned by
ranger and Machina (2006) as: 
 
(
y ( ˆ  F j ) , F j 
)
= B 
(
y (X j ) , X j 
)
− B 
(
y ( ˆ  F j ) , X j 
)
(10)
or all ˆ X j , X j ∈ X . In other words, the utility of the decision made
nder uncertainty B (y ( ˆ  F j ) , X j ) is compared to the utility result-
ng from the decision made under perfect knowledge of the future
 (y (X j ) , X j ) . 
The loss associated with a given decision can only be evaluated
 posteriori as it requires the knowledge of the exact future states
f the environment, that are not known at the time of the decision.
ence the recourse to the expected loss which only requests the
ctual knowledge on the possible values of these future states. We
onsequently deﬁne the risk R of taking a shipping decision d as:
 ( d ) = E 
[
L 
(
d , X j 
)]
F j 
(11)
Looking more closely at the deﬁnition of the loss which we
im to minimise (the expectation over the space of sea level resid-
als), one can notice that minimising E [ L ( d , X j )] F j is equivalent to
nding the decision d ∗ that maximises the expected beneﬁt B¯ ( d ) =
 [ B ( d , X j )] F j . 
The decision minimising R would be, from a frequentist view-
oint, the one that, on average, over a large number of journeys,
roduces the maximal net beneﬁt. The theoretical expectation ad-
resses both the feasibility and the performance (high return) of
he candidate solution, since the cost −Z → ∞ of a grounding
ould prevent any solution with the least probability of ground-
ng to be returned as optimal. 
. Implementation 
The problem of deterministic shipping optimisation was deﬁned
n Section 2.3.5 . It consists of ﬁnding the combination of deci-
ions d ∗ = (t ∗
j 
, m ∗
j 
) , j = 1 , . . . , N − 1 maximising the net beneﬁt of
he shipping given sea level forecasts ˆ X j , j = { 1 , . . . , N} . Similarly,
he risk minimisation problem consists of ﬁnding a set of deci-
ions maximising the objective function (or risk function) deﬁned
n Section 3 . 
Both are constrained 2(N-1)-dimensional optimisation tasks
hose objective functions are not continuous nor differentiable.
s a result, classical analytical optimisation techniques cannot be
sed. Hence the call to derivative-free algorithms such as particle
warm optimisation to estimate d ∗. A range of other computational
ethods could have been implemented as well. However, PSO
as chosen because it generally demonstrates good convergence
nd execution speed properties in addition to its simplicity of
mplementation. A review and comparison of the derivative-free
pproaches is provided in Rios and Sahinidis (2013) . PSO is an it-
rative stochastic optimisation technique that imitates the natural
warm behaviour of a bird ﬂock ( Eberhart & Kennedy, 1995 ). Atising cargo loading and ship scheduling in tidal areas, European 
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Algorithm 2 Procedure R PSO 
1. Initialise randomly the position d i of each particle i in the 
search space D and set their initial velocity vector to 0 . 
2. For each step s : 
(a) For each particle i : 
i. Sample time series of tide residuals e j (t) in 
ports j = { 1 , . . . , N} from a distribution model. 
In this ﬁrst study, we assume the residuals to 
be independent from port to port at a given 
time, and between any two given times at a 
given port. The spatial independence is not a 
strong assumption as long as ports are not too 
close. On the other side, the time indepen- 
dence can be discussed as on short durations 
the residuals show correlation. 
ii. Compute the net beneﬁt B (d i , { X j (t) , j = 
{ 1 , . . . , N}} for the simulated sea level condi- 
tions. These are given by the nominal state 
modiﬁed by the tide residuals, namely at port 
j: X j (t) = ˆ X j (t) + e j (t) . 
iii. Repeat steps 2(a)i to 2(a)ii until the number N s 
of simulated environments requested to com- 
pute the empirical risk function is reached. 
iv. Estimate the latter from the N s outputs of step 
(2)iii. 
(b) Move particles according to the general PSO proce- 
dure described in Algorithm~1, in the search space, 
step by step. Here the objective function to be max- 
imised are the risk functions computed in step 2(a)iv, 
e.g. the expected beneﬁt or the expected loss. 
(c) Stop when the maximal number of steps is reached or 
when there is no change in the global optimum for a 
given number of steps and return the position with 
optimal ﬁtness. 
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T  ach iteration, the elements (particles) of the ﬂock explore the
earch space in a semi-random way and evaluate the ﬁtness (value
f the function to optimise) of their positions. They share the in-
ormation so that their next move is inﬂuenced by both their own
ndings and the ﬁndings of the other members of the swarm. The
lgorithm stops when the desired number of iterations is reached
nd the position with optimum ﬁtness is returned. Algorithm 1
lgorithm 1 Particle Swarm Optimisation procedure 
1. Initialise randomly the position d i of each particle i in the
search space D and set their initial velocity vector to 0 . 
2. For each step j: 
(a) For each particle i : 
i. Compute the objective function f (d i ) (i.e. the
net beneﬁt B (d i , { X j (t) , j = { 1 , . . . , N}} ) result-
ing from the shipping decision d i with actual
sea levels X j (t) , or the expected beneﬁt B¯ (d i ) ).
This is the ﬁtness of position d i . 
ii. Update the personal best b i ( j) of each parti-
cle i.e its position with optimal ﬁtness among
the set of previous iterations. Similarly, iden-
tify and update the global best g( j) , that is
the best solution among the positions visited
by the whole swarm so far. 
iii. Move each particle according to the following
equation of motion: 
d i ( j + 1) = d i ( j) + νi ( j + 1) , (12)
where the velocity is deﬁned by: 
νi ( j + 1) = ω( j + 1) νi ( j)+ c 1 R 1 ( b i ( j) −x i ( j) )
+ c 2 R 2 ( g( j) − x i ( j) ) . (13)
The cognitive c 1 and social c 2 coeﬃcients are
set up so as to optimise the ratio between indi-
vidual exploitation and social interaction while
the linearly decreasing inertia weight ω( j) lim-
its ‘velocity explosion’. The diagonal matrices
R 1 and R 2 introduce stochasticity in the walk
of the particles. 
3. Stop when the maximum number of steps is reached or
when there is no change in the global optimum for a given
number of steps. Return the position with optimal ﬁtness. 
escribes the procedure and our implementation choices. 
Because the risk function deﬁned in Section 3 cannot be written
n closed form due to the deﬁnition of the net beneﬁt B , it is nat-
ral to turn to Monte Carlo simulations to estimate them, within
he PSO procedure. Algorithm 2 shows the general approach, now
eferred to as R PSO . B PSO refers to the “deterministic” optimisation
f the shipping beneﬁt (by means of Algorithm 1 ), that is with-
ut taking into account any uncertainty on the sea level forecasts
although technically PSO is a stochastic technique). Hereafter we
ame nominal state the forecasted sea-level state. 
.1. Sampling 
Mathematically R is, within a constant, the expectation of the
conomic output of a given decision when the sea levels in
oth departure and arrival ports vary around their nominal state
the predicted one). Such a deﬁnition implies that R is model-
ependent: its accuracy depends on the quality of the modelling of
ea level residual distributions. In this section, we present the re-
ults of an analysis of these residuals in both departure and arrival
orts of our ﬁrst case study, namely Portsmouth and Liverpool. Please cite this article as: N. Le Carrer, S. Ferson and P.L. Green, Optim
Journal of Operational Research, https://doi.org/10.1016/j.ejor.2019.08.00The dataset used for the modelling and then the testing consists
f sea level residuals sampled every 15 minutes between 00:15-
1/01/2006 and 23:45-31/12/2016 UTC, in each port. We split it
nto two parts: even years (dataset D e ) and uneven years ( D u ). The
ormer is used for modelling the sea level residuals by means of
est-ﬁt distributions. It is then used for the shipping optimisation
rocedure per se . Finally, D u is used as validation set, to perform
imulations and gather statistics on the performance of the opti-
isation outputs. 
Three distributions were tested: Gaussian, Logistic and Gaussian
ixture model (GMM). The number of components in the Gaussian
ixture models were chosen so as to minimise the Akaike Infor-
ation Criterion ( McLachlan & Peel, 2004 ). This criterion assesses
he ‘goodness-of-ﬁt’ of a model to a data set while introducing a
enalty that increases with the number of free parameters requir-
ng estimation. The aim is to ﬁnd the optimal trade-off between
odel complexity and loss of information. 
Kolmogorov–Smirnov statistics were computed to quantify the
goodness-of-ﬁt” of each model. They reject at the 1% signiﬁcance 
evel the null hypothesis that the residuals follow a Gaussian or
ogistic distribution for both ports. A graphical analysis of the
hree models ( Fig. 1 ) shows that the Gaussian distribution signiﬁ-
antly under-represents the small deviations of sea level observa-
ions with respect to tide predictions. Hence the introduction of
he Gaussian mixture model, that globally represents the original
esidual distribution with greater ﬁdelity. Besides, the GMM is able
o capture the long tails that the single Gaussian or Logistic cannot.
his could be important, as extreme events are usually in the tails.ising cargo loading and ship scheduling in tidal areas, European 
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Fig. 1. Probability distribution functions of sea level residuals in Portsmouth and Liverpool ports over the period 01/01/2006-31/12/2016. Three models were ﬁtted: Gaussian, 
Logistic and Gaussian mixture models. 
13/01-1
0:00 14:00 18:00 22:00
14/02-0
2:00
Departure time
3
3.2
3.4
3.6
3.8
4
4.2
4.4
4.6
4.8
5
Ca
rg
o 
lo
ad
 (t
on
s)
10 3
-3
-2.5
-2
-1.5
-1
-0.5
0
0.5
1
1.5
2
Net Benefit
Forecast
Perfect Forecast
Optimal decision based on:
13/01-1
0:00 14:00 18:00 22:00
14/02-0
2:00
Departure time
3
3.2
3.4
3.6
3.8
4
4.2
4.4
4.6
4.8
5
Ca
rg
o 
lo
ad
 (t
on
s)
10 3
-3
-2.5
-2
-1.5
-1
-0.5
0
0.5
1
1.5
2
Net Benefit
Forecast
Perfect Forecast
Optimal decision based on:
(a) Forecasted sea levels (b) Actual sea levels
Fig. 2. Mapping of the net beneﬁt B over all the decisions ( t , m ) of the search space, given sea level forecasts at hand (a) or actual sea level (b). The optimal decisions based 
on the deterministic forecasts and on the perfect forecasts (i.e. real state of the sea) through the solver B PSO are also reported. 
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a  This analysis will ﬁrst be used to assess the distributional ro-
bustness of the optimisation procedures in Section 5 , by analysing
the effect of the residual modelling on the optimisation results.
Besides, on a standard desktop computer running Linux, sampling
from a Logistic distribution is about 10 times quicker than from
a Gaussian distribution and 15 times quicker than from a 5 com-
ponent mixture distribution. Since feasibility is at stake in oper-
ational research, in the following sections we check whether the
difference in risk outputs and its implication in real-world de-
cision making justify the added complexity of the GMM input
model. t
Please cite this article as: N. Le Carrer, S. Ferson and P.L. Green, Optim
Journal of Operational Research, https://doi.org/10.1016/j.ejor.2019.08.00. Results and discussion 
Initially, we present the result of a study between N = 2 ports,
llowing us to assess the distributional robustness of our proba-
ilistic approach and justify implementation choices for the second
tudy, a larger performance analysis with N = 3 ports. 
All the results in terms of beneﬁt B will be expressed as mul-
iples of B 0 = US$ 363,550 (resp. B 0 = US$ 190,530 for the sec-
nd case study). We also set the cost of not making the delivery in
ime to Z = −V − (O + P + U) . Negative beneﬁts would thus imply
 grounding or the impossibility to reach the arrival port within
he speciﬁed time horizon. ising cargo loading and ship scheduling in tidal areas, European 
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Fig. 3. Performance of each optimisation approach (sea level residuals distribution) 
from the perspective of the reduction of the guaranteed beneﬁt at the error level 
of 2% and the standard deviation of the actual shipping beneﬁt, with respect to 
the performances of the “deterministic” solution based on sea level forecasts alone. 
10 0,0 0 0 Monte Carlo simulations are used to compute these statistics, with boot- 
strap sampling. 
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Table 3 
Statistics over 50 runs of the outputs in terms of decision-making. The optimal 
cargo load m , departure time t and guaranteed beneﬁt B .98 at the level of 2 % (over 
10 0,0 0 0 simulations) are expressed in metric tons, UTC and fraction of B 0 respec- 
tively. The uncertainty is computed as the standard deviation of the results. 
Distribution GMM Logistic Gaussian 
Variable 
m (tons) 4, 210 ± 20 4, 200 ±10 4, 225 ± 9 
t (UTC) 11: 45 ± 15 minute 11: 45 ± 15 minute 11: 45 ± 15 minute 
B .98 ( B 0 ) 2.069 2.064 2.077 
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a  .1. Case-study 1: 2-port analysis 
.1.1. Deterministic approach 
The B PSO procedure recommends the ship to leave Portsmouth
arbour at 11: 45 UTC on January 13th 2017 with an overall barley
reight of 4475 metric tons. The precision on these recommenda-
ions is estimated to 3 metric tons in freight and 15 minutes in
ime as standard deviations (from 10 0 0 independent runs). 
Fig. 5 presents a mapping of the ﬁnal shipping beneﬁt over the
ecision search space D, given the forecast a priori at hand and
iven perfect forecasts, i.e. the a posteriori exact observations of
he sea level depths. The optimal decisions according to B PSO in
ach scenario differ by one tide cycle in time and about 400 met-
ic tons in cargo load. In other words, the deterministic solution
nder imperfect harmonic predictions is far away from optimality
n the real-world of non-zero residuals. Besides, it is quite straight-
orward to see on these maps that both solutions are very sensitive
o perturbations. A 15 minute departure/arrival shift or a negative
rror in the actual sea levels both shift the expected beneﬁt from
aximum to the negative area. 
One way to get over the second limitation is to improve the ac-
uracy of sea level forecasts. This is currently achieved by means
f storm surge models. To take into account the local weather per-
urbations, these models use atmospheric forecasts as forcing in
hallow-water hydrodynamic simulations e.g. the CS3 storm surge
odel covering the sea of the northwest European continental
helf ( Flowerdew et al., 2010 ). Nevertheless, whatever the accuracy
eached, these forecasts cannot prevent the issue of port perturba-
ions and delays. Hence it seems reasonable to develop a robust
olution instead of a single deterministic optimisation. 
.1.2. Risk model 
We now use R PSO to compute the optimal shipping decision un-
er uncertain sea levels. The risk metric presented in Section 3 is
ombined with one of the three sea level residuals distribution
odels under consideration. Table 3 reports the statistical results
f each combination as regards the optimal cargo load, departure
ime and the resulting guaranteed beneﬁt at the error rate of 2%,Please cite this article as: N. Le Carrer, S. Ferson and P.L. Green, Optim
Journal of Operational Research, https://doi.org/10.1016/j.ejor.2019.08.00hat is the 2% percentile B .98 . The latter is estimated from 10 0,0 0 0
onte Carlo simulations. In order to prevent a methodological bias,
hese simulations sample the sea level by means of bootstrapping
over dataset D u , c.f. Section 4.0.1 ). 
As the purpose of the R PSO procedure is to support decision-
aking, it is necessary to analyse the consequences of the above
esults as regards their translation in terms of practical shipping
ecision. The overall majority of the computed departure times are
ocated within a 15 minute time slot centered on 00: 15. Taking
nto account the relative inertia of large vessels and generally slow
ort dynamics (from decision to subsequent actions), this range of
ncertainty can be seen as a buffer to consider in the decision-
aking schedule. Trying to increase the precision on t would be
eaningless considering the real world context of a maritime ship-
ing problem. 
As regards the distribution impact, Logistic sampling produces
ore conservative loads than the GMM approach and further
gain, than the Gaussian one. The difference between the maximal
nd minimal loads above-mentioned is in the range of 25 metric
ons, that is in our case study less than 2 centimetres of draft. This
eads to close guaranteed beneﬁts B .98 . 
Fig. 3 summarises most of the information discussed above: a
ogistic sampling will produce more stable (smaller variance) out-
omes than the other residual models. It also shows that the ap-
roach can be said distributionally robust. Indeed, the ranges of the
eduction in standard deviation and in guaranteed beneﬁt when
he underlying distribution varies are much smaller (close to 0.06
nd 0.006 % respectively). Three observations can be highlighted as
ell. First, in this particular case study, the stochastic optimisation
llows the owner to (in most of the conﬁgurations) save money as
he guaranteed beneﬁt is above the expected beneﬁt of the deter-
inistic decision in real conditions ( ¯B = 0 . 164 ). Second, the spatial
rganisation of the points underlines a general pattern in robust
ptimisation: the guaranteed beneﬁt increases at the cost of the
ncrease in variance ( Gotoh, Kim, & Lim, 2015 ). Finally, as noted
y Gotoh et al. (2015) , the variation in actual beneﬁt is about one
rder of magnitude smaller than the reduction in its standard de-
iation. 
.1.3. Summary of results 
Fig. 4 summarises all the above considerations in a 3-
imensional view of the optimisation problem. A map of the ex-
ected beneﬁt (whose maximum corresponds to the minimal risk
eﬁned in the previous sections) is estimated with bootstrap sam-
ling for each couple ( t , m ) of the search space, as well as a map of
he actual beneﬁt variance on a smaller area of the search space.
n top of both maps, are reported the decision suggested by the
et beneﬁt optimisation from sea level forecasts, perfect forecasts
i.e. perfect knowledge of the future) and our optimisation ap-
roach with a set of residual modellings. 
Concretely, as the owner of the company, you could use the
eneﬁt optimisation decision that is based on the deterministic
armonic forecasts, load 4475 metric tons of barley and cast off
t 11: 45. However the outcome of this decision, given the actualising cargo loading and ship scheduling in tidal areas, European 
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Fig. 4. Three dimensional mapping of each decision ( t , m ) to the associated actual beneﬁt standard deviation (top: zoom on the ﬁrst high tide of the planning horizon) and 
expected net beneﬁt (bottom, full planning horizon). Points of interest discussed in the text are also reported. The mapping use Monte Carlo simulations of 10 0 0 journeys 
by means of bootstrap re-sampling. 
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L  observations of sea levels is −2 . 49 B 0 . This is much less desirable
than the beneﬁt 2.12 B 0 that you could make if you knew the fu-
ture perfectly and left Portsmouth port at 11:45 with 4705 metric
tons on board. Using the stochastic optimisation method developed
in this paper, you could load cargo between 4200 and 4225 met-
ric tons, raise anchor at 11:45 and get a net beneﬁt from 2.06 B 0 to
2.07 B 0 . 
If these decisions were reported in Fig. 2 (b) (mapping based
on actual sea level conditions), one could notice that a port re-
scheduling of up to 1.5 hours (earlier or delay) would not substan-
tially change the beneﬁt, nor a variation (in standard limits) in sea
level conditions. Besides, Fig. 4 reminds that the variance in the
actual beneﬁt is substantially reduced for our solutions, contrary
to the variance of the deterministic proposition. In other words,
the approach R PSO proposes a robust solution. This is true for any
sampling distribution although a Gaussian generally leads to solu-
tions with slightly less predictable economic outcomes. Recalling
the questions raised in the motivation of the problem ( Section 1 ),
in this case study, our stochastic approach demonstrated to be
economically valuable with respect to the standard (determinis-
tic) approach. Besides, a simple Logistic modelling of the residu- f  
Please cite this article as: N. Le Carrer, S. Ferson and P.L. Green, Optim
Journal of Operational Research, https://doi.org/10.1016/j.ejor.2019.08.00ls is enough to produce quality results, similar to those gained by
eans of a GMM. 
One can note that the cargo load output m can be turned into
 safety margin r to be deducted from the maximum draft that
ould have been allowed given the sea level tide forecasts at hand
t t 0 (procedure B PSO ). For future works, it would be interesting
o compare r with what a “non-stochastic” commercial software
ould suggest on a similar problem, so as to assess the quality and
otential added value of our model. 
.2. Case study 2: 3-port analysis 
The ﬁrst case study was a relatively simple example, chosen to
how the potential of a probabilistic approach of tide routing, es-
ecially for tide-sensitive ports (Portsmouth in our illustration). 
In the following, to provide a more representative analysis, the
pproach is applied to 175 different decision times t 0 between July
016 and December 2016, each spaced by at least 24 hours. One
dditional port is also added to the analysis, with the chosen route:
iverpool–Portsmouth–Lowestoft. Again, we ﬁrst compute the per-
ect decision, given a perfect knowledge of future sea level condi-ising cargo loading and ship scheduling in tidal areas, European 
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Fig. 5. (a) Results over 175 decision times, t 0 , and (b) a subset of 50 t 0 for the probabilistic and deterministic approaches, including the latter’s ‘rule-of-the-thumb’ safe 
counterpart. 
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o  ions in the three ports. The deterministic and probabilistic optimal
ecisions given tide predictions are then computed. Note that the
robabilistic decisions are, given the results in the previous section,
omputed using the Logistic modelling of the sea level residuals.
esides, since this approach is more time consuming than a stan-
ard deterministic approach, we restrict the computations to 50 t 0 ,
andomly sampled to represent the various trends in the whole set
f 175 t 0 . In addition to the deterministic decision, we add a de-
erministic decision taking into account a rule-of-the-thumb safety
argin on the sea depth, as it is common practice in the maritime
hipping industry. Static safety margins of 1 meter and 0.5 meter
ere both investigated in our experiments. We compare the per-
ormances of the three different approaches in terms of net beneﬁt
n actual conditions. 
Fig. 5 a shows that 17% of the journeys cannot be fulﬁlled in the
iven horizon (i.e. cannot reach the ﬁnal port, with the prescribed
argo load, because of low sea levels) if the deterministic decision
s used without a safety margin. This score is lowered to zero by
sing the probabilistic approach or the deterministic one includ-
ng a safety margin of 1 or 0.5 meter, conﬁrming the robustness of
ur approach. Moreover, it is clear from Fig. 5 b that the net ben-
ﬁt in these ‘critical’ situations is signiﬁcantly higher when using
he probabilistic approach than the safe deterministic ones. This
hows that switching from a traditional rule-of-the-thumb static
afety margin, often too conservative, to a ﬂexible safety margin
rovided by the probabilistic approach and taking into account the
ort calls to come, facilitates time savings and/or increased load-
ng, improving the company’s overall net beneﬁt without foregoing
afety. Such a solution can be said both robust and near-optimal. 
.3. Robustness to extreme sea level variations 
One could argue that, as the probabilistic approach is based on
he modelling of sea level residuals (itself ﬁtted with archived ob-
ervations), the results might be sensitive to extreme residuals. To
nalyse a possible lack of robustness to unseen sea level variations,
e use the setting of case study 2. From the scheduling solutions
or each of the 50 tests, we artiﬁcially modify the residuals in aPlease cite this article as: N. Le Carrer, S. Ferson and P.L. Green, Optim
Journal of Operational Research, https://doi.org/10.1016/j.ejor.2019.08.00ime-window of ±45 minutes around the departure time in each
ort of transit. The perturbation procedure is the following: instead
f the observed residuals, we sample them from the actual resid-
al distribution (in each port of interest) whose mean is shifted
o the (1) minimum residual ever observed; (2) quantile 0.1 of the
esidual distribution; (3) median of residuals; (4) quantile 0.9 of
heir distribution; (5) maximum residual ever observed. The im-
act on the net beneﬁt of the journey is assessed and results are
ummarised in Fig. 6 . For the probabilistic approach, we measure
he variation in beneﬁt with respect to the unperturbed actual net
eneﬁt. For all deterministic approaches, the variation is measured
ith respect to the net beneﬁt of the probabilistic approach re-
ulting from the same perturbed conditions. Fig. 6 shows that the
et beneﬁt resulting from the probabilistic approach is not sensi-
ive to the more extreme residuals, whether negative or positive.
he approach remains, in all conditions, more attractive regarding
he actual beneﬁt than the deterministic approaches with safety
argins. Clearly, as a consequence of its conservative nature, the
robabilistic approach cannot proﬁt from the windfall effect gen-
rated by extreme positive residuals as much as a 0-safety margin
pproach. 
.4. Limitations 
As stated in Section 3 , the risk measure was chosen because its
eﬁnition allowed us to address both feasibility and performance
n terms of robust optimisation. However in practice, as detailed
n the next section, R ( d ) is estimated from Monte Carlo simula-
ions of the shipping journey subject to various residual scenarios.
hese Monte Carlo simulations investigate a smaller uncertainty
et than a theoretical expectation. The modelling of residuals is
ndeed based on historical data and potentially not conservative
nough. Besides, calling Monte Carlo techniques implies that the
umber of sampled scenarios is limited, which is even more true if
eal-world applicability (computation time) of the decision-support
ool is at stake. 
We would like to conclude this section by further justifying
ne of the assumptions in our model. We chose not to considerising cargo loading and ship scheduling in tidal areas, European 
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qthe possible restrictions in terms of actual water depth during the
loading or unloading steps. For more operational decision-making
support, these additional constraints should be integrated. In our
case study and generally speaking for small vessels, results are not
affected by this simpliﬁcation. As long as (un)loading rates are high
and the loads small, the loading/unloading stages are very lim-
ited in time and the increasing ship draft matches the rising tide
(which is the only potentially problematical scenario). 
6. Conclusion and future works 
This study introduced a decision model for robust cargo loading
and ship scheduling in tidal areas. We associated a risk measure to
each possible shipping decision. This measure was deﬁned as the
expected economic loss of taking the decision in an uncertain envi-
ronment (sea levels), that is the loss with respect to the net bene-
ﬁt that could have been achieved if actual sea levels were perfectly
known in advance. We developed a stochastic approach based on
particle swarm optimisation and Monte Carlo simulations to esti-
mate the decision that minimised risk. Results from a Portsmouth–
Liverpool case study showed that this solution was both robust and
optimal with regard to real port and sea level conditions. We also
addressed the question of residual modelling and the resultant is-
sue of distributionally robust optimisation. Thereon, the impact of
a change of residual model on the optimisation outputs was neg-
ligible in terms of decision-making. A ﬁnal application to 3 ports
conﬁrmed the added-value of our approach compared to standard
practices. 
While both the probabilistic and classical, ‘rule-of-thumb’, ap-
proaches can be considered robust (to, for example, port delays,
forecasting errors etc.), the probabilistic approach was shown to be
closer to optimality. Both case studies show the relevance of our
approach for tide sensitive ports, small capacity carriers and cheapPlease cite this article as: N. Le Carrer, S. Ferson and P.L. Green, Optim
Journal of Operational Research, https://doi.org/10.1016/j.ejor.2019.08.00ommodities. Finally, by analysing artiﬁcial extreme sea level vari-
tions, the robustness of this approach to unseen residuals and its
ﬃciency over existing ‘rule-of-the-thumb’ practices was demon-
trated. 
To address the computation time and underconservative histor-
cal modelling of residual issues, it would be interesting to deﬁne
ounder uncertainty sets on which the risk metric would then be
pplied. 
Another avenue of research is ﬁner modelling of the sea level
esiduals, taking into account the cyclic character of data as well
s results in the relevant literature, like those of Horsburgh and
ilson (2007) who noted patterns in the observation of highest
eather-based surges. Because positive and negative deviations in
ide prediction do not have the same effect on the end-user (that
s the shipper), more attention could be given to their respec-
ive modelling as well as to the way of treating them through an
ppropriate asymetrical utility function, beyond what has already
een done by focusing on the net beneﬁt. 
In practice, it will likely be necessary to make a more com-
lex analysis. Shipping is a multi-dimensional activity. Loading /
nloading a ship and leaving / entering a port require external sup-
ort. We have analysed the robustness of shipping decisions un-
er uncertain sea levels. However from congestion in waterways
o berth availability, crane and tug allocation, a range of uncertain
actors should also be included in the analysis of a robust optimal
hipping decision. 
Similarly, the uncertainty on the exact local water depth was
ssumed to come from the sea surface: the possibility of a
eather-induced deviation to tides. Yet a range of factors can also
ocally modify in space and time the water depth: currents, sedi-
entation, vessel traﬃc for instance. Including the uncertainty on
he lower part of the water column, at the sea ﬂoor, would conse-
uently be interesting. ising cargo loading and ship scheduling in tidal areas, European 
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 We assumed that the total fuel costs did not change signif-
cantly on a given journey when the cargo load is slightly in-
reased. Our study would beneﬁt from an analysis of the increase
n fuel costs with the added cargo value as a function of the
eather and ship characteristics (fuel consumption increasing with
ad weather). 
Finally, we intend to analyse our tide-routing problem from the
erspective of existing weather routing solutions. The speciﬁcities
f tide routing could be introduced in the dynamic criteria and
onstraints of such approaches. 
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